PHYSICS-COMPATIBLE NUMERICAL APPROXIMATIONS TO THE
FOKKER-PLANCK MODEL OF FIBER ORIENTATION

Christoph Lohmann and Dmitri Kuzmin

technische universitat

fakultat fur

dortmuna TU Dortmund University, Germany mathematik

Fiber orientation modeling

¢ Evolution of the probability distribution function (p, t) = 0 of fiber orientation is
governed by the Fokker-Planck equation

oY . .
§+Vp~(p¢) =Ap(Dry), Pp=W-p+A[D-p—D:(p®p)p].
e Important quantities are the orientation tensors A, € R™™ and A4 € R™**>1
Ao =(A 4, ) A i, =(Piy---Piy ) = J p;,---Pi, Y(p)dp. (1)
S

e In two dimensions 1 is approximated by the truncated Fourier series l/)NP of order Ny,
N,/2
1 1 : 1 . :
YNe(p) = A0~/ + Z; (azjﬁ cos(2j¢) + szﬁ 51n(2]¢)) :
]:

Fourier analysis
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Definition: nonnegative Fourier approximation

A Fourier approximation 1™ is called “nonnegative” if and only if there exists ) > 0
s.t. TNPQ,/J = 1), where Py, denotes the truncated Fourier expansion of order Ni,.

Definition: Positive semi-definite Theorem: Positive

tensor semi-definiteness of an
nx...Xn o o
A tensor B € R ,n €N, of order 2m €& orientation tensor

2N (i.e., nX...Xn 2m times) is positive semi-

definite if and only if tion. Then each orientation tensor
S; iBi i ;S ;=8:(B:S)=0 A, of order 2m € 2N (see eq. (1))

for all tensors § € R™*™\ {0} of order m. is positive semi-definite.

Let ¢ > 0 be a nonnegative func-

i

Lemma: Nonnegativity criterion for polynomial roots

Let p(x) = p,x"+p,_1x" 1+ ...+ py, Pr € R, be a polynomial of order n € N with
exclusively real-valued roots. These are nonnegative if and only if

(—1)*p, >0 forall0<k<n or (—1)*p, <0 forall0<k<n.

Derivation of nonnegativity conditions

R2X2X2X2 of order 4 can be written as

( 3\/§CZO+4CI2+CI4 2b2+b4 2b2+b4 ’\/zao_a4 )

The orientation tensor A4 €

2b2+b4 '\/zao_a4 ‘\/zao_a4 2b2_b4
2b,+b,  V2a,—a, V2a,—a,  2b,—b,
'\/an_a4 2b2_b4 2b2_b4 3’\/§a0_4a2+a4

Then the characteristic polynomial of this tensor is given by
xa,(A) = A% — Vv 2a02° + 7£(10ag — 4c5 — c3)A°
— ‘é—g_g(z \/Eag — Zﬁaocg — \/ancdzr + 2a§a4 +4a9byby — 2a4b§)k.
The lemma above yields the following inequality constraints
(0 < ay,
0 < 10ag —4c5 —c3,
0< Zﬁag — Zﬁaocg — \/ancdzr + 2a§a4 +4a9boby — 2a4b§.

A4=@
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Correction techniques

Constrained least-squares minimization

Nonnegative reconstruction

¢ Boltzmann-Shannon entropy maximization

f ('27'5
igf J Y(p)log(YP(p))—Y(¢)do,
0
FZTC
s.t. J P(p)r=cos(2j¢p)dp =ay;  forall 1 <j<N,/2,
< QZn
J 1/)((/))# sin(2j¢)d¢ =b,;  foralll1<j<N,/2,
0

2T
| EJ D(P)dp =ap  0< ().
0

e Under certain assumptions the solution has the form

N,/2
P(¢) = exp (P(¢)) = exp[agri=+ Y | (g cos(2j) + by Lsin(2j@)) |
j=1

e The coefficients of Y/N?(¢) are determined by solving
( N, /2 2

7T_ 2 27T_ ~ 2
Aini)f Z ( J Np(q5)% cos(2j¢p)dep — &2].) + ( J 1/)Np(qﬂ# sin(2j¢)de¢ — sz)
;02 j=1 0 0
| i £
TN _ =~ d Fourier series O 2
doé = d.. The truncate s
V(@) de = do satisfies the nonnegativity condition

for Fourier approximations
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Numerical example

Figure 2: Euclidean error of calculated coefficients
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Figure 3: Minimal eigenvalue of second order orientation tensor A,

0.2 4% \

—analytic
0.1 uncorrected

—Min. ¢; =
0.0 —lef Ck

0.1 Reconstruction
' 50 100 150 200

Figure 4: Minimal eigenvalue of fourth order orientation tensor A,
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