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cea Introduction

Multi-fluid multi-velocity models with friction appears in
multiphase flows (eg. )
interpenetration mixing models,...

Goal: Scannapieco-Cheng mixing model
friction coefficient v := v(du, p,...) may vary a lot

Need a scheme that behaves well Vv > 0 — Asymptotic
Preserving . (Euler with friction )

In this studdy
v: positive constant data
we consider two compressible fluids

ALE scheme: each fluid has its own grid that must fit at timestep begining

t=t" t = t"t1, Lagrangian t =t"tL Ale

In the following we focus only on the Lagrangian phase
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cea Bi-fluid model

Lagrangian formulation
Let o € {fi, .} (8 denoting the other fluid), the model writes

p(x D;!Tu — v . u(x-'

(1) pu D;xuu _vp(‘_Vp(Suaf
p(Y D;) E(l — _v . (p(l/u(l)_yp6ua . ﬁ,
where | 60 = —8¢” = ¢™ — 7 v friction pe = p®(p*,€%)
D¢ =8, +u® -V = D{ # D/
p = p(\+pﬂ o, o

- BB
pu = prus + pou
also, one has

)

TOL
TDIn“> v—=0u® - ju® > 0.
8
Conservation
For each fluid fi, f», the model is conservative in volume and mass

The model is conservative in the sum of momenta and in the sum of total
energies
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Asymtotic limit of the model

Limit model

When v — +00, (1) behaves has the following five equations model. Vo € {fi, 2},
B denoting the other fluid

pDu = =V (p* + p”),
pu DtT” v . u7

3)

(e

pryDtEu _ _%v(pu 4 pﬁ) ‘u— puv “u,

Note that u = u® = u”, so D; = D = Df’.

Remark
Suming « and [ equations gives an Euler mixture model that follows Dalton’s law.

Derivation  * example

The model is obtained formally by means of Hilbert expension:
Letting € = v ™%, one writes develops the variables as ¢ = ¢° + €' + O(¢?) and
multiplying the obtained equations by powers of ¢, passes formally to the limit.
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cea

Continuous in time semi-discrete scheme

Let w € [0,2]. Then Vo, 8 € {f, K}, o # B,

. s 8
A oy, B8 oy By
. 1 fa? . fe B8 —_— pru+plul — Pr Y r W
= i P = + Couy = T R B
" R, Zieg, P b= PRk er, pe+pf ’ p&+pP

mpdrf = 3G,
dtmj‘-1 :0,r
O it == 3 Fm Y v By — (1= ) Y v By,
" p r
mEdES = — > FS ud— > vp,ii] Bioud +w > vp ] By (Sul — duf),
r
where u?* and F2 satisf; r

(5) FY = Cirpf" — A% (uf —uf)—vp,Bjou? and Y Fj =0.
j

Blue terms are friction discretization corrections to usual cell-centered schemes.
Bj- SPD-matrix such that Y=, Bj, = V;/.

Glace Eucclhyd
P - -
C, oG Ni @ Ni
Ajr 1= (pc)jiﬂ —— or Ajr := (pc); Z LS
1Sl €7y INC Il cea | wirzburg, September 2015 | PAGE 5/25



Continuous in time semi-discrete scheme

. Z Az\ + V/)r *VprBjr u(r\ - Z Aj:uja + erqu
—vpB Aji +vpBjr )= AP 4 Cj,p’li ’

Ar b,
A is a SPD-matrix = 3!(u;‘,uf) —> the scheme (4)—(5) is well defined.

Property (a priori estimate)

Let (u2, u? ) denote the solution of the linear system for a given v. One has the
following estimates: Vo, 8 € {fi, h},a # B,Yv >0

0 0
FuSY AUV + fulY APUSY < tut0AZu20 + tufC AP US

where Vo, AY =37, AZ, are the nodal matrices of the mono-fluid cell-centered scheme.

Also, one has (uﬁ“’ ) Z B (u, ,jo) > 0. If B = VI, it implies
(e = uf” e - ui*O) >0
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Continuous in time semi-discrete scheme

Property (Conservation)

Vo, € {fi, h},a # B, the scheme defined by (4)—(5) ensures conservation
of mass and volume for each fluid,

of the sums of the fluids’ momenta and total energies.
Property (Entropy)

The first-order continuous in time scheme defined by (4)—(5) satisfies, Yw € [0, 2],
the following entropy inequality Va € {fi, f}

m;* T denf” > (1 - %) > vp! fourByou; + % > vp! fouf Bious > 0.
r r
This inequality is consistent with (2).
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C2A  Continuous in time semi-discrete scheme

Limit scheme
Let w#0. Vo, B € {f,h},a # B, Vj € M, if (pjﬁ‘, uj‘.’7 Ej“) is constant, then
scheme (4)—(5), behaves asymptotically (when v — +00) as

mj—ldt"}'a = E er‘uh
r
o
dtm- =0,

(mj* +m )deu; = Z Z jr?
[t « fer p! J T AOA
m? di E; :_chpj -ur+Zu 5 (ur —uj) — Z 0 r (ur — uj),
r r J

with Fj} + Fﬁ = C;r(p}" +p6) — (A3 ﬁ)(u —u;), and Z

One has u, = uf* = uf and uj = uj‘.‘ = uf
Derivation ~ * eample
It is obtained formally by means of Hilbert expension.
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C2A  Continuous in time semi-discrete scheme

Property (Consistency)

The limit scheme (6) is weakly consistent with the asymptotic model (3).

» sketch of proof

Based on . Total energy balance equation is the difficult part.

Asymptotic preserving scheme

In order to studdy the asymptotic preservingness of the scheme, it remains to show
that the timestep does not tend to 0 when v — +o0.
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Fully discrete scheme

an “9+ Bsn, B9 anyan, BN BN

Let w €]0,2] and 0 € {n,n+ 1}. Also, uf := '0’7‘“1 and u] = %
J PRty pen+pf
et g
uentl — o _ At ZFO‘ n—‘,—UJZV ”B”(Suo‘g (1 —w)ZV rBiour”
J -4 me Pr Pr 7
J

At
Ejan+1 — chxn -= (Z th_):,n . an+zypn tunB 6uan

m¢
-
—wZVp" w7, (up” auﬁ9)> :

J
where the u®” and Fﬁ‘"" are computed explicitly as

(8) Fan—C,PJ —Aﬁ’"(u?”— an) Vpan(Suan ZFa" —
0 — n explicit scheme,
" )n+1 semi-implicit scheme.
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C2QA  Fully discrete scheme

Let C*" := {J EM/3,CLup" < O}, the set of compressive cells.

Property (Positivity of density)

Let us assume that Va € {fi, L}, Vj € M, pj‘-l" > 0. Let At? > 0 such that,
Va € {fi,h}, Vi €C, AtP < ——T .

- Zr er sup”

Then, the scheme (7)—(8) defined by At = At” ensures, Yw €]0, 2], that

Va € {fi,h}, VieM, p"t>o0.
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C2QA  Fully discrete scheme

Property (Positivity of internal energy)

Let us assume that Vo € {fi, L}, Vj € M, ejf"" > 0.

Then, there exists At® > 0 such that the scheme (7)—(8) defined by At = At® ensures,
V0 € {n,n+ 1} and Yw € [0, 2], that

Va € {fi,h}, VieM, &t >o0.

Explicit case Vj, Vo, JAt*® > 0 s.t. (7)—(8) with At = At —> ej""+1 > 0.

Atj“e := positive root of a second-order polynomial (depends on v).

At may tend to 0 when v — oc.

Semi-implicit case In this case, one has to find the smallest positive root of a rationnal
function. However, one can give a sufficient positivity condition:

+ At
ejom 1 > ejqn+ m Zt(ujqn 7uan)AJ(:n(uJ 7u;vm) 72 ancn . nm:|
r

J r
At? ’
an an an
~ o2 (ZAjr (Ui — w7 )> :
J r

Right hand side being algebraically the internal energy variation for mono-fluid cell-center
scheme i.e. it is algebraically independent of v.
=u)(v), but At® 4 0 for given u! to ensure ej‘-”*'1 >0

V—r 00
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Fully discrete scheme

Property (Entropy stability)

Let U := (T,uT, E)T and let 7 the entropy. There exists At” > 0, such that

Vo, € {fi, 2}, such that a # B, if the pressure law p® : (p,e) — p*(p,€) is a
differentiable function, then the scheme (7)—(8) defined by At = At", Vw €]0, 2] and
0 € {n,n+ 1}, ensures that,

the scheme is entropy stable:
vieM, n (Uj""“) >n (Uf‘") :

and Vj € M, one has the following alternative. If Vr € R;, Cj"r Su = CJ’.’, -u®" and

J
Sud" — 6uJ‘?‘9 =0, then

an+l [et
n Q’VI(an )_W(Uj ")

T/ m; Ar > uZpE foup"Blou" + O(At),
r
else »
n(Up") = n(U")
TPm == >y four B
r
Remark

This is an existence result! It does not provide an explicit At" > O for general EOS.
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C2QA  Fully discrete scheme

Property (Entropy stability for ideal gas)

Let U := (T,uT, E)T and let n the entropy. Let f; and £ be two ideal gases.

Then, one can compute explicitly At” > 0, such that Vo, 8 € {fi, 2}, such that « # 3,
the scheme (7)—(8) defined by At = At", Vw €]0,2] and 0 € {n, n + 1}, ensures that, the
scheme is entropy stable:

VieM, n (Uf"*l) >0 (U;“) :

Remark

If 0 = n, At" > 0 is the positive root of a second-order polynomial that depends on v.

As for internal energy positivity, these term can blow up, analysis not finished.
» At" calculation (explicit)

If0 = n—+1, At" > 0 is the smallest positive root of a rationnal function. For 2 > ~,
one can show according to the case (compression or expension) that negative termes

are bounded independently of v. » At" calculation (semi-implicit)
Case 1 < v < 2 is being analyzed. Not finished yet since very computational, but

seems ok.
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cea Numerical tests

Reference “naive” scheme

@ o o«
m; dtTj = g Cjr -uy,
r

dtmj’.’ =0,

@ o @ ) @
m; dtuj = - E Fj,f E Vp,BjrzSuj,
r r
« o «@ «@ =T R. o
m; thJ- = - E FJ-, Sup— E Vp,uj,BJ,Juj ,
r r

where u®* and Fj‘; satisfy
o LA AQ o o
F7 = Cipj* — Aj(uf — u? ZF

Remark

This scheme is conservative, stable and weakly consistent with (1). However, one cannot
establish (even formally by means of Hilbert expension) that its limit scheme is consistent
with (3). This scheme a priori does not preserve the asymptotic.

It is a good candidate for comparisons.

In order to avoid stability problems, duj‘.” term is implicited in momentum equation.
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“Sod shock tube”

Data

Ideal gas with v = 1.4.
U:=(p,u,p)", U-:=(1,0,1)7, UR :=(0.125,0,0.1)7, U := (¢,0,¢)".
On sets at time t =0

U%(0) = Lpp,05(U" — U°) + 1yg.5,4U°
U‘a(O) — ].]()’0‘5[Ue + 1]0_5)1[(UR - UE)

In the analyzed scheme, each fluid occupies the whole computational domain.
Reference solution is computed using 10° cells.
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cea “Sod shock tube”, v = 102

Time t = 0.14. 200 cells. Fluid « treated as Lagrangian.
Density plot.

AP scheme non AP scheme

0.9
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05
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tho
reference rho

tho
reference rho

o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1
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cea “Sod shock tube”, v = 102

Time t = 0.14. 200 cells. Fluid « treated as Lagrangian.
Internal energy plot.

AP scheme non AP scheme

34 a5

epsilon % epsilon X
reference epsilon reference epsilon
16 15
o 0.1 02 0.3 04 0.5 0.6 07 0.8 09 1 o 0.1 0.2 03 0.4 0.5 06 0.7 08 09 1
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cea “Sod shock tube”, v = 102

Time t = 0.14. 200 cells. Fluid « treated as Lagrangian.
Velocity plot.

AP scheme non AP scheme

<

v v
reference v reference v

o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1
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cea “Sod shock tube”, v = 102

Time t = 0.14. 200 cells. Fluid « treated as Lagrangian.
Velocity difference plot.

004 0,035
%
x
0.035 0.03
0.03 rﬂ
b 0.025
0.025
0.02
0.02
0.015
0.015
0.01
0.01
0.005
0.005
0 = °
v - av o ox
reference dv reference dv
-0.005 0.005
0.1 0.2 03 04 0.5 0.6 0.7 08 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

» Results for v = 10°.
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Rayleigh-Taylor instability

[}

0.7 W

153

0.25

1 0.01

Data

At time t = 0, one sets

Interface position is given by
f(x) = 0.35 + 0.05 cos(87x).
Scheme
A well-balanced gravity discretization is
used
Tests
Compares with mono-velocity model,

v value variation.
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Standard scheme
(mono-velocity)

+Mixing model

(@)}
o
I
=
°
i
I
A
=
.0
)
A
3
=
'
L
—
<<

Rayleigh-Taylor instability,

Bi-Fluid model
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cea Rayleigh-Taylor instability, ALE simulation, t = 0.7

mesh: 40 x 112

CEA | Wiirzburg, September 2015 | PAGE 20/25




CQa Rayleigh-Taylor instability, ALE simulation, t = 0.7

mesh: 60 x 168

CEA | Wiirzburg, September 2015 | PAGE 20/25




cea Rayleigh-Taylor instability, ALE simulation, t = 0.7

mesh: 80 x 224
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Triple-point problem

3
1.5

Data

Red fluid is «, blue is 8. Initially pt =1, p' =0.125, pt =1, p' = 0.1, u = 0.

v =14
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cea Triple-point problem, v = 10°, t =5

Bi-Fluid model

ayy,
244
Lt
7

ontag
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cea Triple-point problem, t =5

90 x 40

o
e

X
o
<
i

210 x 90
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Conclusions and perspectives

Conclusions

m First-order cell-center scheme for bi-fluid with friction model
m explicit or sem-implicit treatment of the friction term
m class of schemes depending on a real parameter w

m Properties for w €]0, 2]

m conservative
m stablility

m density positivity: provided explicit At > 0
m internal energy positivity: provided explicit At > 0
B entropy increase:

general EOS: existence of At > 0
ideal gas: provided explicit At > 0

m Asymptotic preserving

m limit scheme consistent with limit model
m 0 =n+1and 2 <~, timestep does not go to 0 when v — +o0.

= Validated through numerical tests
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C2A  Conclusions and perspectives

Perspectives

0 = n+ 1: finish perfect gas stability analysis 1 < v < 2 (almost done)
0 = n: can it work? not even tested numerically...
Varying v (interpenetration mixing model)

analysis should a priori be straight forward
w kept uniform or varying with v?

second-order (AP analysis?)

extend to multiple (more than two) fluids
Differently supported fluids

Fully Lagrangian approach
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Appendix
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Example of Hilbert expension analysis

Formal calculation of momentum limit equation when v — +o0 in (1)

—1

1
pDfu® = —Vp* — ;pdu“ where e = v
o« v (o3 1
p>>0 Ou® + (vuu)u I P P Su.
/)Cl € /)LY
. v 1. 2
— awww+damw):>%( P> — ZA6u®,  where A=
P € PP

2)) for all variables gives

Hilbert expansion (¢ = o0 + et + O(
1
0 (—6u”’0 + 5u”"1> — Aou™0 4 O(e).
€

a,0
(9) ax(5u™) +5 (V) © =5 (V2 )
o
Formal analysis
(9) xe = Au*0=0() = u*=0.

9 -
wo=g L suel— 1

75\ @0 _ .
(% and u® :=u® = u®% = u?0 and

D := D¢ =Dy
So momentum equation reads
a,0 a,0
P ,0 3,0
0 (P“’ +p77).

! Vp
pQ,ODtuO _ 7vpn,0 + 90705 ( _
A p p
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Consistency proof (1/2)

Property (B. Després )
dtmj = 0,

mjdt’rj = E Cj, s Ur,
r
_§ Fjrv
r

mjdiEj = —> Fj.-uy,
r

mjdtuj

where  Fj = Cirpj — Aj(ur —uj),  and Y F; =0,
j

is weakly consistent with the following system of equations
pDiT =V - u,
pDiu = —Vp,
pD+tE = —V - pu.
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Consistency proof (1/2)

p Eu_pﬁ EB - p”c”vpﬁc‘q
P T P

Let p:=p> 4+ pf E := and p == p® + pP

Property (B. Després )
dtmj = 0,

mjdt’rj = E Cj, s Ur,
r
_§ Fjrv
r

mjdiEj = —> Fj.-uy,
r

mjdtuj

where  F; = Cj(pj* + pjﬁ) — (A7 + Aﬁ)(ur — uj), and Z Fi, =0,
J
is weakly consistent with the following system of equations
th’T =V- u,
pDru = —V(p* + p”),
pDtE = —V - (p* + p®)u.
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Consistency proof (2/2)

Proof.
Consistency for volume, mass and momentum is a direct consequence of [BD]
Energy balance rewrites:
PUDES =~V - (p° + pPJu+ IV -u+ LV (p® + pf) .

/th_y dt Ejn

— 8 c B
v, 1 {, > Cipr + pl)ur+ > ul(AY + A (ur — uj)}
r r

B
—1 B —1 Pj B
+ VJ { E ijj ~u,} + VJ {7 ,OijujT g (AJO; + Ajr> (ur — uj')}
r r
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Consistency proof (2/2)

Proof.
Consistency for volume, mass and momentum is a direct consequence of [BD]
Energy balance rewrites:
pPDES =~V - (p + pPlu+ pPV - u+ LV (p + ) .

[’?@D] (—V<(P0+Pﬁ)u) |x‘
1

*1{7ch(pjﬂ+p u,+Zu (AY + A7) (u, uj)}
-
-1 8 -1 /’J T o 8
+ V2GR e Y o > (A A7) (ur —w)
r r
(BD]

2 (v, 2 (22 ve+p%)u)

+ Vvt { =D (ur — ) TAT (ur — Uj)} :

r

pjy dt Ejn

%j

—¢ <0
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Consistency proof (2/2)

aD

Proof.

Consistency for volume, mass and momentum is a direct consequence of [BD]

Energy balance rewrites: ,
p(yDtEa - _V- (p(\ + pﬁ)u + pg?v cu+ %v(p(y + pﬂ) .u.

8 )
pjideEf & (*V (P* + P Ju+p’V u+ %V(p" +p°)- U> +¢
X

J

1%

C B B £
P hES + 0] deEl ~ (=Y - (p* + p7)u) \XJ + ¢+ P

8, [BD]
but  pPdiEf + plEl = pieEy &~ (= (" + pP)u)

%j
« ﬁ — 0 o ‘/j — 0
= G+ =0=¢=¢=0
~ =~
<0 <0
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"Cea Ideal gas entropy estimate: explicit case

Case v > 2

m¢ ~ w . w .
A—thS > (Tj‘") r=t |:l/ <(1 — 5) prn tdu;‘"Bﬂb‘u‘:" + 5 ijn tdu}‘"Bﬁéu}”
-

o u® an a w BN tre o ey ¢ a
+Z T —u AR (U] — ] ”)+1/5 Z’O’ (6u"" = 6ui") B (Su" — dus "):|
-

jr

At et ’
+ F o ZAun an _an +UJVZ/)rBﬂ ()uun o {;ui\n)
]
r\n -2 rvn an
— (v = D) (Zcﬂ- u )

+(v - 1)( > ¢ u;‘"(Tj"")sz) {(Z (o — AR (uf " — Ufm)>

r r

w BNt ¢ . C w BN te ¢ . C
+ v <(1 — E) Z")’ OUr‘"Bﬂéu,”’ + 5 Z")’ ()uf"Bﬂbuf")
r r
+ 1/% Zp"‘?” f(Sul" — 6u;‘")3ﬁ(6uf" — 6u;“’):| }
r

1A
2m

r

(ch unn T(\n ) <Z Aun an u;xn) +w1/2pf5’j’;(6u7" _ 6u<xn)>
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Ideal gas entropy estimate: semi-implicit case (1/2)

Cea Case v >2

a

m; anyy— w Bnte o - o ELET: o
—LAS > (7] my—t I:y <(1 - 5) Zp‘, f5u’ ”Bﬂ(‘)u, " + Z/) t(Su‘"HB Ou; "H>
r

At

te o an UM AXT (G an w BN toe an an+l neeoan (uH»l
W = AR — ) v D el f(our — s B (uf " —
r r

At anyy—1 1 ane an an an- S.an
+m—7{(n y {7(2;\ (e — ue )) +—<w2pr 7 (Gu ™ — due )H

r

’) 1 (ch un un)w—Q) X |:<Zt(uj(_\n7 nn)Aun( “”7 nn Z an n_ an>

r

w BN ts ( w BN te antl +1
+v ((175)2;7, u;"Bjléu ”+520, Sui " Bjlout" >
r

;

w BNt e an an+ly pn an an+tl
+1/§Zp (6u" — sut ™ Bl (Sul " — sul )

;

{(Z CJ’ " /”n)ﬂhz)

2
) (ZAJ, (u"" —u? )>

r

2

1
. (Z B e _(Mm)) ”
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Ideal gas entropy estimate: semi-implicit case
Case vy >2

In order to get the rationnal function, it remains to develop (5u°‘"+1

C

<l + wr At ( ) Zp, J,> 5uj7m+1
J m;

— 6u ‘"+At26< "fn)>”
+ wrAt < > Zp,B%u?",

C being a SPD matrix.
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“Sod shock tube’, v = 10°

Time t = 0.14.
Density plot
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“Sod shock tube’, v = 10°

Time t = 0.14.
Internal energy plot
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“Sod shock tube’, v = 10°

Time t = 0.14.
Velocity plot
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“Sod shock tube’, v = 10°

Time t = 0.14.
Velocity difference plot
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